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$J^{2}(\mathbb{R}^{2}, \mathbb{R}):=\{(x, y, z,p, q, r, s, t)\}\cong \mathbb{R}^{8}$ (1)




Remark 1.1. $C^{2}$ 2 $z=z(x, y)$
$(X, y, z(x, y), z_{x}, z_{y}, z_{xx}, z_{xy}, z_{yy})$ Taylor 2
$F\in C^{\infty}(J^{2})$ PDE :
$F(x, y, z, p, q, ’\cdot, s, t)=0$ . (2)
$F$ regularity condition:
$(F_{r}, F_{s}, F_{t})\neq(0,0,0)$ (3)
$\Sigma=\{F=0\}\subset J^{2}$ smooth hypersllrface. $\pi$ : $J^{2}arrow J^{1}$
$\Sigma$ $\pi|\Sigma$ submersion. ( $i.e$ . 4 )
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Remark 1.2. $J^{1}=\{(x,y,z,p,q)\}\cong \mathbb{R}^{5}$ $C^{1}=\{\varpi_{0}=0\}$
$C^{2}$ $\Sigma$ $D:=\{\varpi_{i}|_{\Sigma}=0\}$ (i.e. constant
rank) PDE (2) $(\Sigma, D)$
2 $F=0$ $\hat{F}=0$ $J^{2}$ ( $C^{2}$ )
$(\Sigma, D)$ $(\Sigma^{\wedge },\hat{D}^{ })$ (i.e. $\exists\emptyset$ : $\Sigmaarrow\hat{\Sigma}$ s.t
$\phi_{*}D=\hat{D})$







(ii) $D=C^{2}|_{\Sigma}$ ( )
Assumption 1.5. $\Sigma=\{F=0\}$ PDE
$\pi|_{\Sigma}$ nonsubmersion point $w\in\Sigma$ $(i.e. (F_{r}, F_{s}, F_{t})_{w}=(0,0,0).)$
$\Sigma$ $dF\neq 0$ smooth hypersllrface $D$ $:=C^{2}|\Sigma$ $w$
Remark 1.6. $dF\neq 0$ $\Sigma$ smooth hypersurface
2.
Example 2.1. $\Sigma;=\{F:=7^{\cdot}t-p=0\}$ $dF\neq 0$ $\Sigma$
$(F_{r}, F_{s}, F_{t})=(t, 0, r)$ 2 $\{’\cdot=t=0\}\subset\Sigma$ $\pi|_{\Sigma}$ nonsub-











Rank 5 on $r=t=s=0$,
Rank 4 on $r=t=0,$ $s\neq 0$ ,
Rank 4 on generic (submersion) point.
$r=s=t=0$ $r=t=0,$ $s\neq 0$
$D$
Assumption 1.5 Cauchy
Definition 2.2. $D$ Cauchy $w\in\Sigma$
$Ch(D)(w)$ : $=$ $\{X\in D(x)|X\rfloor d\varpi_{i}\equiv 0$ ,
$(mod \varpi_{0}, \varpi_{1}, \varpi_{2})$ for $i=0,1,2$}
$=$ { $X$ $(x)\in D(x)|[X, Y]\in \mathcal{D}$
for any $Y(x)\in D(x)\}$ ,
Remark 2.3. $Ch(D)$
:
Proposition 2.4. $\Sigma=\{F=0\}$ $J^{2}(\mathbb{R}^{2}, \mathbb{R})$ smooth hypersurface $D$
:
(1) $w\in\Sigma$ nonsubmersion point.
(2) $dimCl\iota(D)_{w}=1$ . $(reg\uparrow xlar$ $Ch(D)=0.)$
(3) $dimCh(\partial D)_{w}=4$ . (regular 2 )
$\partial D:=D+[D, D]$ .
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Proposition 2.5. $\Sigma=\{F=0\}$ smooth hypersurface $D$
$Ch(D)$ subbundle $Ch(\partial D)$ subbundle
2 bundle (rank $Ch(D)$ , rank $Ch(\partial D)$ ) $=(0,2)$ or (1,4).
Assumption 1.5
Theorem 2.6. $\Sigma=\{F=0\}$ smooth hypersurface $D$
2 $w\in\Sigma$ 2
(1) $w$ $\pi|\Sigma$ nonsubmersion point.
(2) $w$ Cauchy $Ch(D)$ $($ $Ch(\partial D)))$
( )
Symbol algebra $D$ $\Sigma$ weakly regular
$T\Sigma\supset D^{-\mu}\supset D^{-(\mu-1)}\supset\cdots\supset D^{-1}=:D$
$x\in\Sigma$
$g_{-1}(x):=D^{-1}(x)=D(x)$ , p(x) $:=D^{p}(x)/D^{p+1}(x)$ ,
$m(x):=\bigoplus_{p=-1}^{-\mu}g_{p}(x)$ .
$\dim \mathfrak{m}(x)=\dim\Sigma$ . $m(x)$ Lie bracket $[$ , $]$
$\mathfrak{m}(x)$ nilpotent graded Lie algebra
Definition 2.7. $(\mathfrak{m}(x), [, ])$ $x$ $(\Sigma, D)$ symbol algebra
Remark 2.8. symbol algebra
nonsllbmersion point symbol algebra
:
Theorem 2.9. $\Sigma=\{F=0\}\subset J^{2}(\mathbb{R}^{2},\mathbb{R})$ smooth hypersurface $\Sigma$ $\pi|_{\Sigma}$
nonsubmersion point $w\in\Sigma$ $w$ $D:=C^{2}|_{\Sigma}$
$w$ symbol algebm $\mathfrak{m}(w)$ $m$ :
$m=\text{ _{}-3}\oplus g_{-2}\oplus 9-1$
;
$[X_{r}, X_{x}]=X_{1}$ , $[X_{s}, X_{x}]=X_{2}$ , $[X_{1}, X_{X}]=X_{0}$
the other is tnivial,
$\{X_{0}, X_{1}, X_{2}, X_{x}, X_{r}, X_{s}, X_{t}\}$





submersion point symbol algebra
nonsubmersion point symbol algebra
symbol algebra
3.
Assumption 1.5 ( )
regular
Assumption 1.5
$\Sigma:=\{F=0\}\subset J^{2}(\mathbb{R}^{2}, \mathbb{R})$ smooth hypersurface $w\in\Sigma$ $w$
$U$ $U$
$U=U_{h}\cup U_{e}\cup U_{p}\cup U_{s1ng}$ (disjoint union), (4)
$\Delta:=F_{r}F_{t}-\frac{1}{4}F_{\delta}^{2}$
$U_{h}:=\{v\in U|\Delta(v)<0\}$ : hyperbolic type
$U_{e}:=\{v\in U|\Delta(v)>0\}$ : elliptic type
$U_{p}:=\{v\in U|\Delta(v)=0, (F_{r}, F_{s}, F_{t})_{v}\neq 0\}$ : parabolic type
$U_{sing}:=U\backslash (U_{h}\cup U_{e}\cup U_{p})$
$K_{U}:=U_{h}$ or $U_{g}$ or $U_{p}$ or $U_{8}:ng$ .
$w_{1}\sim w_{2}(w_{1}, w_{2}\in K_{U})$ :
$c:[0,1]arrow K_{U}s.t$ . $c(0)=w_{1},$ $c(1)=w_{2}$ . (5)
$\#(K_{U}/\sim)$ $K_{U}/\sim$ ( )
$J^{2}$ Euclid $\mathbb{R}^{8}$ $\phi:J^{2}(\mathbb{R}^{2}, \mathbb{R})arrow \mathbb{R}^{8}$
$\phi$
$J^{2}$ norm
$p,$ $q\in J^{2}$ , $|p-q|:=||\phi(p)-\phi(q)||$ ,
$||\cdot||$ Euclid norm. norm
$U:=B_{r}(w)=\{v\in\Sigma||v-w|<7^{\cdot}\}$ ,
$|\cdot|$ $J^{2}(\mathbb{R}^{2},\mathbb{R})$ nornl $\Sigma$
$U=B_{r}^{H}(w)\cup B_{r}^{E}(w)\cup B_{r}^{P}(w)\cup B_{r}^{Sing}(w)$ ,
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$B_{r}^{H}(w):=\{v\in B_{r}(w)|\Delta(v)<0\}$ : hyperbolic
$B_{r}^{E}(w):=\{v\in B_{r}(w)|\Delta(v)>0\}$ : elliptic
$B_{r}^{P}(w):=\{v\in B_{r}(w)|\Delta(v)=0, (F_{r}, F_{\ell}, F_{t})\neq 0\}$ : parabolic
$B_{r}^{Sing}(w):=B_{r}(w)\backslash (B_{r}^{H}(w)\cup B_{r}^{E}(w)\cup B_{r}^{P}(w))$ .
( )
$H(w)$ $:= \lim_{rarrow 0}\#(B_{r}^{H}/\sim),$ $E(w)$ $:= \lim_{rarrow 0}\#(B_{r}^{E}/\sim)$ ,
$P(w)$ $:= \lim_{rarrow 0}\#(B_{r}^{P}/\sim),$ $S(w)$ $:= \lim_{rarrow 0}\#(B_{r}^{S:ng/}\sim)$ .
$\infty$ $(H, E, P, S)_{w}$ $H(w),$ $E(w),$ $P(w),$ $S(w)$
Remark 3.1. diffeo $J^{2}\cong \mathbb{R}^{8}$




$H(w):= \min_{J^{2\underline{\simeq}}\mathbb{R}^{\hslash}}(\lim_{\epsilonarrow 0}\#(B_{\epsilon}^{H}/\sim))$ ,
$E(w):= \min_{J^{2\underline{\simeq}}\mathbb{R}^{8}}(\lim_{\epsilonarrow 0}\#(B_{\epsilon}^{E}/\sim))$ ,
$P(w):= \min_{J^{2\underline{\simeq}}R^{\hslash}}(\lim_{\epsilonarrow 0}\#(B_{\epsilon}^{P}/\sim))$ ,
$\dot{S}(w):=\min_{J^{2\underline{\simeq}}R^{\hslash}}(\lim_{\epsilonarrow 0}\#(B_{e}^{S:ng}/\sim))$ .




Theorem 3.3. $\Sigma=\{F=0\}\subset J^{2}$ $PDE$
(1) $(1, 0,0,0)_{w}\Leftrightarrow\Sigma$ is locally hyperbolic around $w$ .
(2) $(0,1,0,0)_{w}\Leftrightarrow\Sigma$ is locally elliptic around $w$ .




Theorem 3.4. $\Sigma=\{F=0\}$ $PDE$ ;
$F:=f-(a_{1}x+a_{2}y+a_{3}z+a_{4}p+a_{5}q+a_{6})$
$f$ $r,$ $s,$ $t$ 2 $(a_{1}, .., a_{5})\neq 0$
Assumption 1.5 nonsubmersion point $w$ $(H, E, P, S)_{w}$ $F$
( $(H,$ $E,$ $P,$ $S)_{w}$ nonsubmersion point )
$\Sigma$ $(H, E, P, S)_{w}$
(1) $($2,0, 2, $1)_{w}$ for $f=rs$ or $ts$ ,
(2) $($2,2,4, $1)_{w}$ for $f=7^{\cdot}t$ ,
(3) $(0,0,2,1)_{w}$ for $f=r^{2}$ or $t^{2}$ ,
(4) $($2,0,0, $1)_{w}$ for $f=s^{2}$ .
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